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FLUX PATTEENS RESULTING FROM FREE-MOI;ECUI;E FLOW 

THROUGH CONVERGING AND DIVERGING SLOTS 

by Thaine W. Reynolds and Edward A. Richley 

Lewis  Research Center 

SUMMARY 
*9q6 

Equations f o r  the determination of p a r t i c l e  f l u x  a t  a loca t ion  downstream 
of the e x i t  of convergent and divergent two-dimensional s l o t s  f o r  gas flow 
through the  s l o t  under free-molecule conditions have been derived and solved 
numerically. S lo t  configurations range from length t o  i n l e t  width r a t i o s  of 
0.25 t o  8 and w a l l  half-angles from 75' divergent t o  60' convergent. 

Flux d i s t r ibu t ion  pa t te rns  along surfaces of constant radius  from the  s l o t  
e x i t  centerplane and i n  planes normal t o  the s l o t  centerplane are presented f o r  
varying dis tances  from the  s l o t  ex i t .  Flux along the centerplane close t o  the  
s l o t  e x i t  i s  higher f o r  the smaller length-to-width-ratio s l o t s  and becomes 
l e s s  a function of the length t o  i n l e t  wid th  r a t i o  a s  the dis tance from the 
s l o t  e x i t  increases. A s  the length t o  i n l e t  width r a t i o  of the  s l o t  i n -  
creases,  t he  angle giving maximum f l u x  along the  centerplane approaches zero 
( i . e . ,  a paral le l -wal led s l o t ) .  
i s  obtained i n  the  f a r  f i e l d  with divergent s lo t s .  

A maximum value of f l u x  along the  centerplane 

Larger length-to-inlet-width-ratio s l o t s  give a more collimated beam 
than do small length t o  i n l e t  width r a t io s ,  and a divergent s l o t  y i e lds  a more 
collimated beam than a convergent s l o t  having the  same length t o  inlet width 
r a t io .  The normalized f l u  pa t te rns  f o r  the convergent and divergent s l o t s  i n  
the f a r  f i e l d  follow the cosine d i s t r ibu t ion  l a w  out t o  angles from t h e  center- 
plane equal i n  mgnitude t o  the  w a l l  half-angle; beyond t h i s  angle the  normal- 
ized f l u x  f a l l s  below the  cosine d is t r ibu t ion  law.  +@ 

INTRODUCTION 

The gas flow pa t t e rns  t h a t  a r e  obtained from the  e x i t  of nozzles or o r i -  
f i c e s  under free-molecule-flow conditions are frequently required i n  the  design 
of e l e c t r o s t a t i c  t h rus to r s  ( r e f s .  1 t o  5). Such pa t te rns  may a l s o  have appl i -  
c a b i l i t y  t o  a wide range of f l o w  problems in  vacuum and space technology. 
Analytical  o r  experimental determinations of gas p r o f i l e s  under free-molecule- 
flow conditions have been very limited. Clausing ( r e f .  6) calculated the far- 
f i e l d  f l u x  pa t t e rns  for flow through short  cy l indr ica l  tubes (length t o  radius  
r a t i o s  l e s s  than 2 ) .  More recently,  i n  reference 7, h i s  ana lys i s  has been 



extended t o  include l a r g e r  length t o  rad ius  r a t i o s .  
t i o n  of f a r - f i e l d  gas p r o f i l e s  from c y l i n d r i c a l  tubes i s  given i n  reference 8. 

An experimental determina- 

The present repor t  dea ls  with f l u x  d i s t r i b u t i o n  p a t t e r n s  r e s u l t i n g  from 
gas flow under free-molecule conditions with d i f fuse  w a l l  r e f l e c t i o n  through 
divergent, convergent, and paral le l -wal led s l o t s ,  which are two-dimensional 
( i .e . ,  i n f i n i t e  i n  extent  i n  a d i r e c t i o n  normal t o  t h e  flow d i r e c t i o n ) .  The 
s l o t  configurations, shown schematically i n  f i g u r e  l ( a ) ,  vary i n  length t o  in-  
l e t  width r a t i o  from 0 .25  t o  8, and have w a l l  half-angles from 7 5 O  divergent 
t o  60° convergent. Two types of f l u x  pa t te rns  a r e  presented as shown i n  f i g -  
ure l ( b ) .  I n  one, the angular d i s t r i b u t i o n  of f l u x  i s  calculated for various 
r a d i a l  distances with t h e  o r i g i n  taken t o  be on t h e  centerplane a t  t h e  e x i t  
plane of the s l o t .  I n  t h e  other,  the  lateral  f l u x  v a r i a t i o n  normal t o  t h e  
centerplane i s  determined f o r  planes located a t  various dis tances  from the  s l o t  
e x i t  plane. 
f e r e n t i a l  a reas  located a t  the same point,  but  a t  some angle t o  each other ,  
cannot be simply r e l a t e d  except a t  dis tances  fa r  from the  s l o t  e x i t .  
case the f l u x  pa t te rns  were evaluated close t o  the  s l o t  e x i t  and f o r  contin- 
u a l l y  increasing dis tances  u n t i l  t h e  far f i e l d  i s  reached. 
defined herein t o  mean t h a t  region (or, dis tance)  where the  normalized f l u x  
pa t te rns  become independent of t h e  dis tance from the  s l o t  ex i t .  

Both d i s t r i b u t i o n s  a r e  needed because the  f l u x  through two d i f -  

I n  each 

The far f i e l d  i s  . 

The r e l a t i o n s  f o r  free-molecule flow presented herein a re  a l s o  appl icable  
t o  cer ta in  rad ia t ion  problems with d i f fuse  r e f l e c t i o n ,  since the  f l u x  of emit- 
t e d  rad ia t ion  then follows t h e  cosine d i s t r i b u t i o n  l a w  and the geometric r e l a -  
t i o n s  become i d e n t i c a l  t o  those f o r  molecular flow. 

CALCULATION PROCEDURE 

The f l u x  d i s t r i b u t i o n  downstream from t h e  e x i t  of the  s l o t s  i s  calculated 
under the assumptions t h a t  gas flow i n t o  the s l o t  i s  uniform and has a random 
d i r e c t i o n a l  d i s t r ibu t ion ,  t h a t  free-molecule-flow conditions e x i s t  throughout, 
and t h a t  p a r t i c l e  r e f l e c t i o n s  from the  w a l l  a r e  diffuse.  
which the f lux  d i s t r i b u t i o n s  a r e  calculated i s  readi ly  derived from t h e  well-  
known cosine d i s t r i b u t i o n  l a w  of emission from a line-element source ( r e f .  9 ) .  
The r e l a t i o n  i s  

The r e l a t i o n  from 

ormal to area element, dAb 
I to line element source 

na cos eab cos Oba 

2ab 
dnb = dya (1) 

( A l l  symbols a r e  defined i n  appendix A . )  
The geometric parameters given i n  equa- 
t i o n  (1) a r e  shown i n  sketch ( a )  where 

dn, f l u x  ( p a r t i c l e s  per un i t  area per 
un i t  time) a r r i v i n g  a t  d i f f e r e n t i a l  
area dAb from the  line-element 
source dya 

flux leaving s t r i p ,  dya na 
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Flux Dis t r ibu t ion  on Surfaces of Constant Radius About Centerline of Exi t  Plane 

Mathematical descr ip t ion  of the f lux  along various r a d i i  R beyond the 
s l o t  e x i t  depends on the  regions a s  noted i n  sketch (b)  and f igure  l ( c ) .  The 

regions a re  symnetrical about the  
Region Region s lo t  centerplane. 

I n  region I, f lux  i s  due t o  
contributions from a l l  of the  inlet 
and from both walls. I n  region 11, 
flux i s  from only one w a l l  and from 
only pa r t  of the  i n l e t .  I n  region 
111, there  i s  no d i r e c t  f l u x  from 
the inlet, only f l u x  from a l l  or pax: 
of the  one wall. 
there i s  d i r e c t  f l u x  from p a r t  of the 

(bJ i n l e t  opening and no f lux  from e i t h e r  
wall. 

IV 

I n  region IV,  
Divergent slot Convergent slot 

Region I V  occurs only f o r  the 
convergent s l o t s  i n  planes t h a t  are beyond the point of in te rsec t ion  of the  
extension of the planes of the  w a l l s .  The f lux  equations t h a t  apply fo r  the  
various regions are presented next; der ivat ions of these equations a r e  given 
i n  appendix B. 

Region I. - Region I i s  bounded by the  r e l a t i o n  
- - wL - o _< y5 _< 7 + ( X 5  - L)  t a n  p 

The flux at  point 5 i n  the r a d i a l  d i rec t ion  cp i s  given by 

+ 

The first term i n  equation (3) i s  the  d i rec t  f l u x  from the i n l e t ;  the  i n t e g r a l  
i s  the  f l u x  from the  two walls. 

Region 11. - Region I1 i s  bounded by the r e l a t i o n  



I 

The flux r e l a t i o n  i s  

+ 
1 

- 
L 

+d 
where 

- - 
x5 - L 

- 
L 

Region 111. - Region I11 i s  bounded by the  r e l a t i o n  

I n  region I11 there  i s  no cont r ibu t ion  from t h e  i n l e t .  
e n t i r e l y  from one w a l l  and i s  given by t h e  r e l a t i o n  

The flux a t  point  5 i s  

- 
L 

-1.1-1 - d Z 3 )  
nl nl 

3 X 

(1+ 2y5+ ZZ, t a n  p) [ ( l+  z?,+ 2Z3 t a n  p )  s i n  (p+ 2(X5-X3)  cos cp] 

312 
2 + (1 + 2y5 + Z G ~  t a n  p)'] 

where the  l i m i t  2' i s  given by t h e  r e l a t i o n  3 
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Region IV.  - Region I V  occurs only f o r  the  convergent s l o t s  when 

For t h i s  condition, t he  bounds of region I V  a r e  given by the  r e l a t i o n  
- 
WL sec cp 

2R 
0 - < t a n  cp - < [ t a n  pi - - (10) 

The f l u x  a t  point  5 i s  then given by 

I 

I Flux Dis t r ibu t ions  i n  Planes Beyond Exi t  

Flux va r i a t ions  i n  planes beyond t h e  e x i t  are a l s o  divided i n t o  four 
regions as noted i n  sketch ( c )  and f igu re  l ( d ) .  

Region I n  region I, f lux i s  due t o  
Region contr ibut ions from a l l  of t h e  i n l e t  

and from both w a l l s .  I n  region 11, 
flux i s  from a l l  of one w a l l  and from 
p a r t  of t he  inlet. I n  region 111, 
there  i s  no d i r e c t  f l u x  f r o m t h e  in -  

of t h e  one w a l l  i s  "seen" by t h e  
point 5. I n  region I V ,  there  i s  d i -  
r ec t  f l u x  from p a r t  of the  inlet  

W 1  

Divergent slot Convergent slot only;  t he re  i s  no d i r e c t  f l u x  from 

for t he  convergent cases  i n  planes 
(C) e i the r  w a l l .  Region I V  occurs only 

t h a t  are beyond t h e  point  of i n t e r sec t ion  of the extension of t h e  planes of t h e  
w a l l s .  
der iva t ions  are given i n  appendix B. 

The f l u x  equations t h a t  apply for the var ious regions a r e  given next; 

Region I. - The boundary of region I i s  determined by t h e  r e l a t i o n  

The f l u x  a t  point  5 i s  given by the  following expression: 

5 



The f i r s t  term of equation (13) represents  f l u x  d i r e c t  from the  opening; t h e  
i n t e g r a l  represents  flux from the  w a l l s .  

Region 11. - Region I1 i s  bounded by the  r e l a t i o n  

The f lux  a t  po in t  5 i s  given by the  r e l a t i o n  
r 1 

Region 111. - Region I11 i s  determined by the  r e l a t i o n  

The f l u x  a t  point  5 i s  given by 

6 



L 

1 + 2 y S  + 2T5 t a n  p 
- 
- J - (X5- ;i, - - 2  x3) + (1 + 2y5+ Z T ~  t a n  p )  2 3 3/2 

3 X 

where t h e  l i m i t  2' i s  given by 
3 

Since the re  i s  no d i r e c t  f l ux  contr ibut ion from t h e  i n l e t ,  equation (17)  rep- 
resents  only f l u x  from the  one w a l l .  

Region IV. - Region I V  occurs f o r  the  convergent case when the  loca t ion  of 
t he  plane x5 i s  beyond t h e  point  of in te rsec t ion  of the  extension of the  side 
walls;  t h a t  i s ,  f o r  

- 

where 1 t a n  pI i s  the  absolute  - value of t he  tangent of p, t he  half-angle of 
convergence. I n  plane x5 then, t h e  l i m i t  f o r  region I V  i s  

The f l u x  a t  point  5 i n  region I V  i s  given by 

The foregoing s e r i e s  of equations f o r  t he  radial and plane flux values were 
programed f o r  solut ion on an IBM 7094 computer. 
n(Z3)/nl required f o r  the  numerical in tegra t ions  w e r e  obtained from refer- 
ence 10. 

Values of t he  w a l l  f l u x  

Relat ion Between R a d i a l  and Plane Flux 

Since the  t o t a l  p a r t i c l e  f l u x  through a small area i s  t h e  summation of 
cont r ibu t ions  from the  various inlet  and w a l l  areas, it can be seen from 

7 



sketch (d)  t h a t ,  near the  s l o t  e x i t  (i. e . ,  i n  the  near f i e l d ) ,  there  i s  no 
simple r e l a t i o n  between the  t o t a l  f l u x  
through two d i f f e r e n t i a l  a reas  located a t  
the  same point (x5, y5) but  a t  some angle 
t o  each other. For instance,  p a r t i c l e  tra- 
j e c t o r i e s  labeled 1 and 2 i n  sketch (d) 
pass through the  d i f f e r e n t i a l  area dy but  
not through the  d i f f e r e n t i a l  a rea  R do. 
On t h e  other hand, p a r t i c l e  t r a j e c t o r y  3 

dy. Thus, the  near-f ie ld  f l u x  through 

Near-field poi nt7, Far-fie'dPOint-- r d y  G+..l /dv 

( d) passes through area  R dcp but not through 

R dcP and dy are  not simply related.  Far from the  s l o t  e x i t  (i. e . ,  i n  t h e  
far f i e l d ) ,  however, p a r t i c l e  t r a j e c t o r i e s  t h a t  pass through area  R dcP a l s o  
pass through dy. Since t h e  area dy i s  r e l a t e d  t o  the  area R dcP by 

the  r a d i a l  flux i n  the  far f i e l d  i s  simply r e l a t e d  t o  the  plane f l u x  a t  t h e  
same point. The r e l a t i o n  i s  

n(y)  = n(cp) cos cp ( 2 3 )  

Another f a r - f i e l d  r e l a t i o n  may be developed from the  geometric q u a n t i t i e s  
shown i n  sketch (e) .  From the  sketch it can be seen t h a t  and 

dy cos cp = R2 dv, so t h a t  R1 dcp = cos cp dy. Thus, the  
f l u x  through a point on t h e  plane x - L i s  r e l a t e d  t o  

the equation 

R1/R2 = cos CP 
2 

the r a d i a l  f lux  a t  the same angle, f o r  R 1  = x - L, by 

Centerplane Flux Parameter 

A parameter t h a t  i s  useful i n  indicat ing the approach of the centerplane 

n5(0)/nl ,  obtained from equation ( 3 ) ,  or (13), as 
f l u x  ( i . e . ,  a t  cp = y5 = 0) t o  i t s  f a r - f i e l d  value i s  the  product Ep5(0)/nl]. 
The asymptotic value of x5 
becomes large i s  ( f o r  region I)  

where i(z3)/n1 i s  the  average w a l l  f lux;  t h a t  i s ,  

8 



For divergent or parallel-walled slots, equation (25) becomes 

I For t h e  convergent s l o t ,  where the  centerplane i n  the fa r  f i e l d  i s  located 
~ I i n  region IV,  t h e  asymptotic value of ng(O)/nl becomes ( r e f e r  t o  eq. (11) or 

1 ( 2 1 ) )  

o r  

RESULTS AND DISCUSSION 

The calculated angular d i s t r i b u t i o n s  of p a r t i c l e  f l u x  a t  various r a d i a l  
dis tances  from the  s l o t  ex i t  are presented i n  t a b l e  I. Values of flux on the  
centerplane ( C P  = 0) are given i n  terms of the r a t i o  t o  the  i n l e t  flux 
[n(O)/nJ, while values a t  angles 
value on the centerplane a t  t h e  same radius  

rp other than zero a r e  normalized t o  the  
n(O)/n(O). 

The calculated d i s t r i b u t i o n s  of p a r t i c l e  f l u x  a t  various dis tances  from 
the centerplane, i n  planes located a t  several dis tances  downstream from the  
s l o t  exit,  are presented i n  t a b l e  11. A s  i n  t a b l e  I, values of f l u x  on the 
centerplane ( y  = 0 )  are given i n  terms of i n l e t  f l u x  
dis tances  y other than zero, a r e  normalized t o  the value on the  centerplane 
i n  t h e  same plane n(y)/n(O). It w i l l  be noted t h a t  the  y-coordinate l i s t i n g  
i n  the  t a b l e  i s  given as the  r a t i o  This parameter was chosen be- 
cause a p a r t i c u l a r  value of y/(. - L) corresponds t o  the  same angle from t h e  

centerplane regardless of the loca t ion  of t h e  plane 
downstream from the s l o t  ex i t  ( see  sketch ( f ) ) .  I n  
the  fa r  f i e l d ,  the normalized f l u x  n(y)/n(O) a t  a 
p a r t i c u l a r  value of 
down st  ream d i  s t a n c  e. 

n(O)/nl, while values at 

y/(x - L). 

y / (x  - L) i s  independent of 

( f )  
L L I  
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Flux Dis t r ibu t ion  Along Centerplane 

Values of the f l u x  along the centerplane n(0)/nl obtained from e i t h e r  
t a b l e  I o r  I1 are  shown f o r  the  various configurations i n  f i g u r e s  2 t o  4. I n  
f igure  2 ,  values a r e  shown f o r  paral le l -wal led s l o t s  ( p  = 0) of various length 
t o  i n l e t  width r a t i o s ,  L/Wl. Near the e x i t ,  the  f l u x  i s  highest  f o r  the  lower 
values of L/Wl. 
comes l e s s  dependent on L/Wl and approaches the  t h e o r e t i c a l  value [q = &] obtained f o r  a s l i t  source a t  l a rge  dis tances  from the  source. 

L/W1 = 4 
shown for  various wal l  half-angles i n  f igure  3. Close t o  the  s l o t  e x i t  the  
f l u x  i s  higher f o r  the  l e s s  divergent w a l l  half-angles,  p. Also, it i s  appar- 
ent  t h a t  the  f l u x  from various s l o t s  does not approach the same l i m i t  i n  the  
far  f i e l d .  The lower l i n e  of f igure  3 shoxs t h e  d i r e c t  f l u x  contr ibut ion from 
the s l o t  i n l e t ,  t h a t  i s ,  the f lux  t h a t  has arr ived a t  the  centerplane without 
having had a c o l l i s i o n  with the  s l o t  w a l l .  
terplane f l u x  values nearly equal t o  those obtainable from the  i n l e t  d i r e c t l y ,  
indicating t h a t  the contr ibut ion from the  w a l l s  i s  very s m a l l  f o r  w a l l  h a l f -  
angles of t h i s  magnitude or greater .  
any par t icu lar  dis tance from the e x i t  of a s l o t  there  i s  a p a r t i c u l a r  w a l l  
half-angle t h a t  w i l l  give a maximum value of t h e  f l u x  
i s  shown more c l e a r l y  i n  f igure  4, wherein centerplane flux i s  p lo t ted  as a 
function of w a l l  half-angle f o r  various dis tances  from the  s l o t  e x i t  f o r  a l l  
the length t o  width r a t i o s  examined. 
i m u m  f l u x  increases ( i . e . ,  i s  more divergent) as the dis tance from the  s l o t  
e x i t  increases; however, the  maximum i s  not very pronounced a t  la rge  w a l l  ha l f -  
angles . 

A s  the dis tance from the s l o t  e x i t  increases,  the  f l u x  be- 

The v a r i a t i o n  of f l u x  with dis tance from t h e  s l o t  e x i t  f o r  i s  

The 75' divergent s l o t  has  cen- 

It i s  a l so  apparent from f i g u r e  3 t h a t  a t  

n(0)/nl. This f e a t u r e  

The w a l l  half-angle t h a t  y i e l d s  the  max- 

Shown i n  f igure  5 a r e  some t y p i c a l  var ia t ions  of the product E h ( O ) / n j  
with distance downstream. 
l i m i t  more rapidly f o r  smaller values of 
divergent s l o t s  ( f i g .  5 (b ) ) . 

The value of Rb( O)/nd  approaches i t s  f a r - f i e l d  
L/W1 ( f i g .  5 ( a ) )  and f o r  the l e s s  

The f a r - f i e l d  l imi t ing  values of the f l u x  parameter R k ( O ) / n d  may be 
calculated from equations ( 2 7 )  and ( 2 9 ) .  

t r ibu t ions  i n  reference 10 and a r e  shown i n  f i g u r e  6. 

Values of the average w a l l  f l u x  
( x3 ) /nl ,  required i n  equation ( 2 7 ) ,  were calculated from the w a l l  f l u x  d i s -  

- 
The r e s u l t i n g  f a r - f i e l d  l imi t ing  values of R[n(O)/nl] a r e  shown i n  f i g -  

ure 7 as functions of L/W1 and p. The maximum value a t  any p a r t i c u l a r  ra- 
dius  E i s  obtained with divergent s lo t s .  

Far-Field Flux Distr ibut ions 

Some t y p i c a l  var ia t ions  i n  the  f a r - f i e l d  f lux  pa t te rns  of the d i f f e r e n t  
s l o t  configurations a r e  shown i n  f igures  8 t o  10. I n  f igure  8, r e s u l t s  a r e  
shown for  paral le l -wal led s l o t s  of various length t o  width r a t i o s .  Abeam- 
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collimation e f f e c t  resu l t ing  from increasing L/W1 i s  apparent. 

The f a r - f i e l d  r a d i a l  f l u x  pa t te rns  for 20’ divergent and 20 convergent 
s l o t s  a r e  shown i n  f igures  9 ( a )  and ( b ) ,  respectively,  f o r  various length t o  
width r a t i o s .  
a r i e s  a t  t h e  t h r e e  d i f f e r e n t  f l u x  regions. 
cosine d i s t r i b u t i o n  l a w  out t o  t h e  angle 
drops below t h e  cosine pat tern.  Again, the longer t h e  s l o t ,  the  more c o l l i -  
mated i s  t h e  r e s u l t i n g  beam. The divergent s l o t  results i n  a more collimated 
beam than t h e  convergent s lo t .  

0 

The d iscont inui t ies  i n  slope of these curves occur a t  the  bound- 

Beyond t h i s  angle, t h e  flux 
The normalized f l u x  follows t h e  

Cp = l p l .  

The f a r - f i e l d  f lux  pa t te rns  f o r  a par t icu lar  length t o  width r a t i o  
(L/Wl = l), and various angles of divergence and convergence are shown i n  f i g -  
ures l O ( a )  and (b) .  
l a w  out t o  t h e  angle 
f o r  t h e  divergent than f o r  t h e  convergent configurations. 

Again, the  flux pat tern follows t h e  cosine d i s t r i b u t i o n  
cp = IpI and drops below t h e  cosine pa t te rn  more rap id ly  

The representat ive p l o t s  thus far presented have been r a d i a l  flux pat-  
terns .  
are simply r e l a t e d  t o  each other i n  the  f a r  f i e l d .  
and n(cp) f o r  x - = a r e  simply re la ted  as shown by equation (24). Com- 
pared i n  f i g u r e  11 are f a r - f i e l d  values of t h e  f l u x  
d i r e c t  ca lcu la t ion  ( t a b l e  I)  and as determined from equation (24) .  
l e n t  agreement shows t h a t  the  tabulated values were made out t o  la rge  enough 
d is tances  t o  be i n  the far f i e l d  at  a l l  angles from t h e  s l o t  centerplane. 

As shown i n  equation ( 2 3 ) ,  t h e  r a d i a l  and plane f l u x  values a t  a point  
Similarly,  values of n(’S;) 

n(cp)/n(O) obtained by 
The excel- 

Near-Field F l u  Distr ibut ions 

Some i l l u s t r a t i v e  flux d i s t r i b u t i o n  pat terns  i n  t h e  near fie.ld are shown 
i n  f igures  1 2  t o  14. Radial flux pa t te rns  f o r  the parallel-walled s l o t  of 
length t o  i n l e t  width r a t i o  of 8 a r e  shown i n  f igure  12. An abrupt change i n  
the slope of the  f l u x  curve i s  apparent a t  t h e  boundary between regions I 
and 11. The s m a l l  m a x i m u m  i n  r a d i a l  f l u x  curve a t  cp > 0 f o r  a s m a l l  E was 
unexpected, bu t  i t s  existence i s  v e r i f i e d  by d i f f e r e n t i a t i o n  of equation (3) 
f o r  the  case of p = 0. This y ie lds  the  r e l a t i o n  

2 
3/ 2 

+ 1. p(L + ii - x3) 
- 

which shows t h a t  the  slope i s  s m a l l  biJt posi t ive a t  
as the rad ius  increases. 
e x i t  f o r  t h i s  same configuration a r e  shown i n  f i g u r e  12(b) .  
c l e a r l y  the la rge  var ia t ion  i n  f l u x  d i s t r i b u t i o n  as dis tance downstream from 
the  e x i t  i s  varied. 

cp = 0 and approaches zero 
The f l u x  i n  planes a t  varying dis tance from t h e  s l o t  

This f i g u r e  shows 

Near-field f l u x  pa t te rns  f o r  a convergent s l o t  of L/W1 = 1 and p = -ZOO 
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a r e  shown i n  f igures  14(a)  and ( b ) .  
vergent case d i f f e r s  from t h a t  f o r  the  divergent s l o t  shown i n  f igure  13. 
Within the angle 
f i n a l  f a r - f i e l d  value and then  r i s e s ,  while f o r  the  divergent s l o t  ( f ig .  13(a) )  
t h e  r e l a t i v e  f l u x  continuously approaches the  f a r - f i e l d  value. Comparison of 
f igures  13(b) and 14(b)  a l s o  shows t h a t ,  f o r  a range of y/(x - L)  values, the  
f l u x  d is t r ibu t ions  a r e  much more widely spread f o r  the divergent s l o t  than f o r  
the convergent s lo t .  

The behavior of the  pa t te rns  f o r  t h i s  con- 

cp < 1 P I ,  the  normalized f l u x  ( f i g .  1 4 ( a )  ) drops below i t s  

Other Considerat ions 

The d i r e c t i v i t y  of the molecular beams emerging from s l o t s  of d i f f e r e n t  
L/W1 r a t i o s  i s  i l l u s t r a t e d  i n  f igure  15, which shows the  f a r - f i e l d  f l u x  pa t -  
t e r n s  f o r  divergent s l o t s  with p = 20' and varying L/Wl values. The curves 
a r e  d i f fe ren t  from those of f igure  9(a)  i n  t h a t  the f l u x  from the zero-length 
s l o t  i s  used as the  reference for  a l l  the  r e l a t i v e  f lux  values, so  t h a t  a t r u e  
comparison of the r e l a t i v e  f lux  i s  obtained when the  i n l e t  f l u x  dens i ty  i s  t h e  
same. 

A similar comparison f o r  s l o t s  of L/W1 = 4 and varying wal l  half-angles  
i s  shown in f i g u r e  16. The highest  f l u x  i n  the c e n t r a l  port ion of t h e  beam i s  
obtained with a w a l l  half-angle of about 20'. 
half-angles a re  only s l i g h t l y  below t h i s  maximum f l u x  level .  The t rend  f o r  
other L/Wl 
s l i g h t l y  d i f fe ren t  w a l l  half-angles as  i l l u s t r a t e d  i n  f igure  7. 

However, the  10' and 30' w a l l  

s l o t s  would be similar, with the  m a x i m u m  f l u x  occurring at 

CONCLUDING REMARIts 

Equations f o r  the determination of p a r t i c l e  f l u x  a t  a locat ion downstream 
from t h e  e x i t  of convergent and divergent two-dimensional s l o t s  under f r e e -  
molecule conditions have been derived and solved numerically. S l o t  configura- 
t i o n s  include length t o  Anlet width r a t i o s  from 0.25 t o  8 and w a l l  half-angles  
from 75' divergent t o  60 
dis tances  from the  s l o t  e x i t  a r e  presented. Pat terns  are calculated i n  two 
ways: 
tance from the  centerplane i n  a plane normal t o  the  flow direct ion.  

convergent. Flux d i s t r i b u t i o n  pa t te rns  at various 

(1) v a r i a t i o n  with angle a t  constant radius ,  and ( 2 )  v a r i a t i o n  with d i s -  

FromtylZical i l l u s t r a t i v e  p l o t s  of t h e  calculat ions,  t h e  following fea-  
t u r e s  of the p a r t i c l e  f l u x  were evident: 

(1) Values of flux along the  centerplane f o r  t h e  paral le l -wal led slots a r e  
highest  for  s m a l l  length-to-width-ratio s l o t s  i n i t i a l l y  and become less a func- 
t i o n  of the length t o  i n l e t  width r a t i o  as the dis tance from t h e  s l o t  in-  
crease s. 

( 2 )  There i s  a p a r t i c u l a r  w a l l  half-angle t h a t  y i e l d s  a maximum i n  the 
centerplane f l u x  a t  a given dis tance from the  s l o t  e x i t .  This angle becomes 
more divergent as the  dis tance from the  s l o t  increases;  however, the f l u x  i s  
not sensi t ive t o  w a l l  half-angle v a r i a t i o n s  a t  t h e  l a r g e r  distances.  
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- 
I (3) Far - f ie ld  l imi t ing  values of the function R[n(O)/nd a r e  approached 

i n  shor te r  dis tances  the smaller the  length t o  i n l e t  width r a t i o  of the s l o t  
and t h e  more convergent the s l o t .  

~ 

( 4 )  The beam i s  more collimated the  larger  the  length t o  i n l e t  width r a t i o  
~ of the s lo t .  

I 
I 

(5) A divergent s l o t  y ie lds  a more collimated beam than a convergent s l o t  
of t h e  same length t o  i n l e t  width r a t i o  and the same wall half-angle. 

( 6 )  Far-f i e l d  d i s t r i b u t i o n  p a t t e r n s  of both convergent and divergent s l o t s  
follow t h e  cosine d i s t r i b u t i o n  l a w  out t o  angles equal t o  t h e  w a l l  half-angle 
and then drop below the cosine l a w  pattern.  

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, June 1 2 ,  1964 

13 



APPENDIX A 

SYMBOLS 

area 

length of configuration 

length of l i n e  

f l u x  or a r r i v a l  r a t e ,  number/(area) ( t ime)  

average w a l l  f l u x  

r a d i a l  dis tance 

i n l e t  width of s l o t  

e x i t  width of s l o t  

axial  dis tance from slot i n l e t  

l a t e r a l  distance from s l o t  centerplane 

upper l i m i t  l a t e r a l  dis tance from s l o t  centerplane i n  plane of 
opening (see sketch ( i ) )  

lower l i m i t  l a t e r a l  dis tance from s l o t  centerplane i n  plane of 
opening (see sketch (i)) 

half-angle of s l o t ;  pos i t ive  f o r  diverging and negative f o r  con- 
verging s l o t  

angle between surface normal and l i n e  

angle between R and s l o t  centerplane 

Subscripts: 

a ,b  general  points  

i n  i n l e t  

W w a l l  

1 i n l e t  plane 

273 wall 

4 e x i t  plane 
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I 5 beyond ex i t  plane 

1 Superscript:  

(-1 nondimensionalized quantity, divided by W1, the  inlet slot width 

I 

15 



APPENDIX B 

DERIVATION OF FLUX RF;LATIONS 

The equation from which a l l  f l u x  r e l a t i o n s  he re in  are derived i s  t h e  d i f -  
f e r e n t i a l  line-element source r e l a t i o n :  

A s  i l l u s t r a t e d  i n  sketches ( c )  and (a )  t h e r e  a r e  four  possible  regions i n  
which a point ,  a t  which the  f l u x  i s  t o  be determined, may l i e .  The f l u x  equa- 
t i o n  i s  d i f f e ren t  f o r  each region and f o r  d i f f e r e n t  o r i en ta t ions  of t h e  flux 
area.  

Radial  Flux Relat ions 

I. Refer t o  f igu re  l ( c ) .  Point 5 i s  i n  region I, which i s  bounded by  
- 

- wL - - 
o < y - 5 - 2  < - + (x5 - L )  t a n  p 

A. I n l e t .  

Subst i tut ing the  following geometric r e l a t i o n s  

- x5 COS e15 - - 
’15 

i n to  equation ( B 3 )  y i e l d s  
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Integrating equation (B4) and nondimensionalizing yields 

-- 

(B5) 

in 

All barred quantities are nondimensional variables made dimensionless by 
referring them to the inlet width Wl. 

B. Wall. The f l u x  at point 5 from one wall is 

L 

sec p dx3 
2 235 

Substituting the following geometric relations 

x - x  5 3  cos p + y5 - y3 
COS e = 

235 235 35 

3 x - x  5 sin cp + y5 - y3 COS e53 = 
I35 235 

sin p 

cos  cp 

2 2 2 
235 = (x5 - x3) + (Y, - Y,) 

into equation (B6) yields 

Noting that 
sulting equation yields the wall contribution to the flux: 

y3 = - (W1/2) - x3 tan p and nondimensionalizing the re- 
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This i s  t h e  contr ibut ion from one w a l l  only. The contr ibut ion from the  
other w a l l  t o  the  f lux  a t  point  5 i s  obtained by making the  subs t i tu t ion  
y5 = - y5 i n t o  equation (B8). 

11. Point 5 i s  i n  region 11, which i s  bounded by 

A. I n l e t .  The f l u x  a t  poin t  5 from the  i n l e t  is s i m i l a r  t o  equa- 
t i o n  (B4) with a d i f f e r e n t  upper l i m i t  y ’  as may be noted i n  sketch (g) .  1’ 

In tegra t ion  of equation ( B 4 )  with the  upper l i m i t  
of y i  y i e lds  

- L)(Yi - ~ 5 )  + ~ 5 ~ 5  

(g) 

Emressed i n  nondimensional form, the  contr ibut ion from t h e  i n l e t  i s  - r 1 

where 

L 
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B. W a l l .  
by equation (B8). 

The f lux at poin t  5 comes from one wall only a d  i s  given 

111. Point 5 i s  i n  region 111, which i s  bounded by t he  r e l a t i o n  

A. In l e t .  There is  no contribution from t h e  inlet. 

B. W a l l .  The flux Srom the  w a l l  i s  similar t o  equation (BB) with a 
d i f f e r e n t  lower l i m i t  
t r i b u t i o n  t o  t h e  flux a t  point  5 f romthe  w a l l  i s  

X3, as may be noted i n  sketch (h) .  Thus, t he  con- 

X 

Iv. 
\ 

Point  5 i s  i n  region IV, which i s  defined by the condi t ions 

and 
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A. I n l e t .  The flux a t  point  5 from the  
equation (B4) with d i f f e ren t  upper and lower 
sketch (i) where 

i n l e t  w i l l  be similar t o  
l i m i t s ,  as may be noted i n  

Integrat ion of equation (B4) with lower l i m i t  yy and upper l i m i t  y; 
yields  

( B I B )  
1 + 1 

41+ [ ( E ~ z F )  see 9- t a n  912 dl+ ZR) sec cp+ t a n  

B. Wall. There i s  no f lux  from the  w a l l s  t o  region IV. 

Flux Relat ions f o r  Planes 

I. Refer t o  f igure  l ( d ) .  
given by equation (B2). 

Point 5 i s  i n  region I. The bound f o r  region I i s  

A. Inlet .  The f lux  i s  given d i r e c t l y  ( re f .  9 ) :  

B. Wall. The contr ibut ion t o  the f l u x  a t  point 5 from one w a l l  i s  
L 

- 

see p dx3 (B2O) 

0 

Subst i tut ing the  following geometric r e l a t i o n s  

C O S  eS5 = y5 - y3 cos p I- x5 - x3 sin p 
l35 l35 

2 0  



x5 - x3 
2 

COS e = 
53 

35 

2 -  2 2 
235 - (x5 - x3) , + (Y, - Y3) 

i n t o  equation (B20) y i e lds  =$/  
0 

" 3 ( X 3 )  

1 n 

Noting t h a t  
su l t i ng  equation y i e lds  the  w a l l  contribution t o  the  f lux :  

y3 = - [(W1/2) + x3 t a n  p] and nondimensionalizing the  re- 

The flux contr ib .dion from the  other w a l l  i s  obtained by subs t i tu t ing  the  - - r e l a t i o n  y5 - - -y5 i n t o  equation (B22).  

11. Point 5 i s  i n  region 11. 
l a t i o n  (B9). 

The bounds for region I1 a r e  given by the  r e -  

A. I n l e t .  The f l u x  a t  point  5 from the  opening i s  (see sketch ( j ) )  

($) = 
i n  

51 COS e COS e 15 

'15 

The integrat ion i s  i d e n t i c a l  t o  t h a t  em- 
ployed i n  obtaining equation (B19) except f o r  
the  d i f f e ren t  upper l i m i t .  In tegra t ion  of 
equation (BZ3) y i e lds  

2 1  



Putting equation (B24) i n t o  nondimensional form, r e l a t e d  t o  W1, y i e l d s  

where 
- 

- 1  wL - 
y1=2-L 

B. Wall. Only one w a l l  contr ibutes  f l u x  t o  point  5 i n  region 11. 
The f lux  i s  given by equation (B22). 

111. Point 5 i s  i n  region 111. The bound f o r  region I11 i s  

A. I n l e t .  There i s  no contr ibut ion t o  f lux  from the i n l e t .  

B. Wall. The w a l l  contr ibut ion t o  the  f l u x  i s  s imilar  t o  equa- 
t i o n  (B22) with a d i f f e ren t  lower l i m i t  
i l l u s t r a t e d  i n  sketch ( f ) .  The r e l a t i o n  i s  

x i ,  similar t o  t h e  s i t u a t i o n  

- 1  where x i s  given by equation ( B 1 5 ) .  
3 

IV. Point 5 i s  i n  region IV. 
l a t i o n  (B16) and 

The bounds f o r  region I V  a r e  given by t h e  re- 

A. I n l e t .  The f l u x  a t  poin t  5 from the  i n l e t  (see sketch ( i ) )  i s  
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In t eg ra t ion  of equation (B30) i s  iden t i ca l  t o  t h a t  for obtaining equa- 
t i o n  (B24)  except f o r  the d i f f e ren t  limits. 
y i e l d s  

In tegra t ion  of equation (B30)  

The geometric r e l a t i o n s  

5 x - L  X 
- - 5 

(wJ2) + Y 5  Y; + Y 5  

can be used t o  rewr i te  equation (B31) i n  nondimensional form: 

1 (3) =;[ - 2  2 + - 2  2 

- - 
WL - 2G5 

4(S5 - L)  + (RL- 2Y5) 

WL + 2G5 

4(X5- L) I- (WL+ 2Y5) 
nl i n  

Cornpasison of equations (B34) and (B19) ind ica tes  t h a t  equation (B34) i s  
i d e n t i c a l  i n  form t o  the  expression f o r  f lux  t h a t  would a r r i v e  a t  point  5 
from t h e  exi t  alone as t h e  source having t h e  same emission r a t e  a s  t h e  
i n l e t  . 

B. Wall. There i s  no w a l l  contr ibut ion t o  t h e  f lux a t  point  5 i n  
region IV.  

2 3  
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' Convergent slot 

(a) I l lustrat ion of configurations investigated. 
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(b) I l lustrat ion of location of planes and cylindrical surfaces at which f lux pat- 
terns are calculated. 
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~I 
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1 

(c) Parameters in radial f lux relations. (d) Parameters in planar flux relations. 

Figure 1. - Schematic diagrams. 



Distance from slot exit, E or - 
Figure 2. -Variation of centerplane flux with distance from exit aperture for parallel-walled 
slot 
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Distance from slot exit, E or x - i 
Figure 3. -Variation of centerplane flux with distance from exit aperture. Length to inlet 

width ratio, 4. 
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(a) Length to inlet width ratio, 0.25. 

-40 -20 0 20 40 60 80 
(b) Length to inlet width ratio, 0.5. 

- 2 0 0  2 0 4 0 6 0 8 0  
(c) Length to inlet width ratio, 1. 

(d) Length to inlet width ratio, 2 (e) Length to inlet width ratio, 4. (0 Length to inlet width ratio, 8. 

Figure 4. -Variation of centerplane flux with wall half-angle at various distances from exit aperture. 
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(a) Wall half-angle, 200. 

~ . - - A  

Distance from slot exit, ?i or x - 1 
(b) Length to inlet width ratio, 2 

Figure 5. -Variation of centerplane flux parameter with distance from slot exit. 
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Figure 6. -Average wall flux values for slots of varying length to initial width ratios and 
wall half-angle. 
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Flgure 7. -Var iat ion of l imi t ing value of centerplane f lux parameter 
wi th wall half-angle and slot length to in let  width ratio. 
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Angle from centerplane, ‘p, deg 

Figure 8. - Far-field f lux patterns for 

Angle f rom centerplane, p, deg 

(a) Divergent slots; wall half-angle, @. Ib) Convergent slots; wall half-angle, 
wrallel-walled slots (wall half- -200. 
angle - 0) and various length to in- 
let width ratios. Figure 9. - Far-field f lux  patterns for slots wi th @ wall-half angle and various length 

to in let  width ratios. 
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Angle from centerplane, cp, deg 

(a) Divergent slots. (b) Convergent slds. 

Figure 10. - Far-field flux patterns for slds with length to Inlet width ratio of 1 and varying wall half-angles. 

Angle from centerplane, cp, deg 

Figure 11. - Comparison of radial and planar flux patterns in far field, Length to inlet width ratio, 1; 
wall half-angle, -200. 

67 



Angle from centerplane, q, deg 

(a) Radial patterns. 

Figure 12, -Variation of flux patterns 
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Angle from centerplane, cp, deg 

(a) Radial patterns. 

. 1  . 2  . 4  . 6  .8 1 2 4 6  
Distance from centerplane, y / (x  - L) 

(b) Plane patterns. 

;with distance from slot exit. Length to inlet width ratio, 8: wall half-angle, 0. 

(b) Plane patterns. 

Figure 13. -Variation of flux patterns for 2@ divergent slot. Length to Inlet width ratio, 1. 
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(a) Radial patterns. 
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Distance from centerplane, y/(x - L) 

(b) Plane patterns. 

Figure 14. -Variat ion of f lux  patterns for convergent slot. Length to inlet width ratio, L 

Angle from centerplane, cp, deg 

Figure 15. - Comparison of L r - f ie ld  relative f lux  
from slots of different length to inlet width 
ratios. width ratio, 4. 

Figure 16. -Comparison of relative f lux from slats 
of different wall half-angles. Length to inlet 
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